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It has been observed that the critical depth of cut in single-point 
machining can be increased by continuously varying the spindle speed. 
Several more experimentally oriented analyses have confirmed this 
observation. Theoretical models have been set up but in general do not 
confirm the experimentally obtained results. 
The analysis presented here, although starting from a different point 
of view, confirms some of the work by Sexton et al. It further yields 
detailed supplementary information, particularly concerning the nature 
of the chatter vibration under variable spindle speed and the dependence 
of the process on the amplitude of the speed variation. These results are 
illustrated by some specific experimental evidence. 
Introduction 
In recent years, several studies have been devoted to the 
investigation of variable spindle speed machining as a 
possible means to control the onset of ‘chatter’, an 
instability occurring in machine tools when the metal 
removal rates are increased beyond a critical value. Specifi- 
cally it has been suggested both by experimental work*,* 
and by analogue computer simulation3 that a (usually 
rather modest) increase of stability of the cutting process 
can be obtained when the spindle speed is continuously 
varied, thus allowing of a larger depth (or width) of cut; but 
the adverse effect has been observed as well.’ These 
ambiguous results indicate the need for a theoretical under- 
standing of the cutting process under variable spindle speed, 
if it is ever to acquire more than marginal applicability. 
In a first attempt to build an adequate theory, Inamura 
and Sata vastly overrated the effectiveness of spindle speed 
variation. The source of their error became apparent in the 
analysis by Sexton et al.,’ whose estimates are far more 
realistic. Still these latter results are not completely satis- 
factory, because of reasons explained below (and partly 
pointed out by the authors’ themselves); moreover full 
mathematical clarity is not always achieved in their treat- 
ment. 
The analysis presented here, although starting from a 
rather different point of view, does confirm some of 
* Research Fellow, NFWO (National Fund for Scientific Research) 
Sexton’s assumptions, while providing them with a sound 
basis. More importantly, however, it yields some detailed 
supplementary information, in particular concerning the 
nature of the chatter vibration under variable spindle speed, 
and the dependence of the process on the amplitude of the 
speed variation (for small values of the latter). These results 
are illustrated by some specific experiments, mentioned at 
the end of this paper. 
An eigenvalue problem 
It is generally agreed3-’ that, under the assumptions that 
the machine tool structure has essentially one degree of 
freedom and a single predominant mode of vibration, a 
reasonable mathematical description of the cutting process 
under variable spindle speed is yielded by the following 
differential equation: 
i(t) + 2{o&(t) + &x(t) = K[x(t -4(t)) -x(t)] (1) 
here w,J2n and { are the natural frequency respectively 
the damping ratio of the machine tool, K is proportional to 
the depth (or width) of cut, and 4 is the time-lag function, 
i.e. @(t) is the time elapsed at the moment t since the work- 
piece was at the same angular position one revolution 
earlier. The unknown real function x describes the displace- 
ment of the tool from its reference position. For additional 
information see reference 5. 
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which is quite satisfactory (for material about almost 
periodic functions, we refer to the still very readable 
treatise6 of the founder of the theory). 
Next we proceed to reformulate equation (1) as an eigen- 
value problem in the space X’. Define linear operators M, 
L,andLin%‘by: 
The problem consists in finding the least nonzero real 
value of K for which equation (1) admits of a vibrational 
solution x, which corresponds to the critical depth of cut 
where chatter occurs. The notion of ‘vibrational solution’ 
will be specified later on. 
We are interested in the cases where the time-lag func- 
tion $ assumes one of the forms: 
G,(L) = r (constant lag) (2) 
0: 
G,(t) = T + T sinw,t (sinusoidal lag modulation) (3) 
The first case describes the cutting process where the 
workpiece rotates with a constant period T; in the second 
case the time lag is modulated around a mean value r, with 
an amplitude T and a frequency w,/27r. Let us call K, and 
K,(T) the corresponding least nonzero real values of K, 
thus corresponding to the critical depth of cut in the two 
cases. The ratio K,(T)/K, gives the relative efficiency of 
cutting under variable spindle speed (with amplitude T of lag 
modulation) as compared with constant speed machining. 
A few comments are in order to justify the choice of the 
function 4, above. In the first place, a sinusoidal modula- 
tion of the time-lag (which is easier to treat mathematically) 
can be expected to have approximately the same effect as a 
sinusoidal modulation of the spindle speed (which is easier 
to realize in practice).’ Secondly, all forms of modulation 
seem to be roughly equivalent,’ with the possible exception 
of a rectangular signal.3 The sinusoidal variation is chosen 
for mathematical convenience. Finally, the phase of 4 has 
no influence on the value of K in equation (1). Specifically, 
if x1 is a solution of equation (1) for $ = @r and a particular 
value of K, then x2(f) = xr(t - 6’) is a solution of (1) for 
q(t) = &(t - 0) and for the same K. Hence it is unnecessary 
to consider: 
G(t) = T + T sin(w,t - 0) 
for all values of 0. This seems to have been overlooked by 
Sexton et aZ.5 In particular it follows from the last remark 
that K,(T) does not change when T is replaced by -Tin 
Gm, because such a replacement amounts to a phase shift 
over n/w,. In other words, K,,,(T) is an even function of 
T. This simple observation will lead to a substantial short 
cut in the sequel (see next section). 
Let us now give a precise meaning to the notion of a 
‘vibrational solution’ of equation (1). Following Sexton’s 
interpretation’ we look for an almost periodic solution of 
(I), or rather for an approximate solution. However, both 
the analogue computer simulation3 and the mathematical 
analysis show that the solution cannot in general be 
expected to be periodic. Hence trying to find a strictly 
periodic approximate solution,485 must lead to serious 
inaccuracies, as is indeed hinted at by Sexton et al. in their 
discussion.’ To avoid this difficulty, which constitutes our 
main criticism of Sexton et aE.,’ we require that the 
approximate solution x be of the more general form: 
x(t) = Re : ak eiokt 
k=l 
where the (Yk are real and the ak complex. In other words, 
x is (the real part of) a trigonometric polynomial. 
The space 9 of trigonometric polynomials being uni- 
formly dense in the space #‘of almost periodic functions,6 
we can hope that our approximate solution comes arbitrary 
close to the exact solution in the sense of the uniform norm, 
i 
d d 
M= -+2{uo-t+; 
,dt2 dt 
(4) 
(Lox)(t) = x(t - 7) -x(t) (5) 
(ix)(t) = x(t - T - T sinw, t) -x(t) (6) 
Then equation (1) is equivalent to : 
ML,,x = Xx (7) 
for @ = @, (2), if we put X = I/K, and with: 
Mix=i_x (8) 
for @ = @, (3) if we put x = I/K in this case. Note that we 
have previously excluded the trivial case K = 0. 
Let us introduce the notation eel(t) = eiori for all real CY. 
The vectors {eJolE [R form a basis for X in the Banach 
space sense and for .P in the ordinary vector space sense. 
With respect to this basis, the operators M and Lo are 
diagonal : it is easily checked from (4) and (5) that: 
Me, = (~6 - a2 + 2j[we(~)-’ e, (9) 
Loem = (e-ja7 - 1) e, (10) 
Consequently the eigenvalue problem (7) is easily solved 
(in the complex plane): each e, is an eigenvector with 
(possibly complex) eigenvalue :
e-iar _ 1 
A, = 
w; - 2 + 2j{wea 
(11) 
The problem of finding the largest real value A, = l/K, 
among these eigenvalues is considered elsewhere.’ The 
corresponding frequency 421~ (defined by ha0 = A,) turns 
out to be near to the natural frequency 42n (at least if { 
is small) and the corresponding solution (‘chatter’), is a 
pure vibration, of the form x = Re(a_ee,J. 
In order to express the operator L in the basis (ed, we 
write the Taylor expansion: 
x(t-7th)-x(t-7) 
2 2 
=h$x(t-T)+;;21(f-T) 
3 3 4 4 
+$-3X(t-T)t;4;4(t-T)t... 
of a solution x around t - 7. Upon substituting h = - T sinw,t, 
we obtain : 
x(t - 7 - T sinw,t) - x(t - 7) 
= - T sinw,t zx(t - 7) 
2 d2 
t 4 sin2w,t dt2 x(t - 7) 
T3 d3 
6 sin3w,t ~x(t ~ 7) 
T4 4 
+ 24 sin4w,t :--x(t - 7) - . . 
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Hence we can develop L” in a series of operators: 
_E = L, + eLr + $L, -I- E3Lj •t E4L4 t . . . 
where e = T/T is a nondimensional parameter and : 
d 
(L Ix)(f) = - 7 sinw,t ; x(t - 7) 
2 d2 
(L2x)(t) =tsin20,t d~2x(r - 7) 
r3 d3 
(Lfl)(t) = - ; sin3 w,t 2 x(t - 7) 
4 d4 
(Ld)(f) = ; sin4w,t sx(t - 7) . . . etc. 
So we replace (8) by : 
(12) 
an approximate solution of which will be given in the next 
section using standard techniques. On the other hand, it is 
a matter of straightforward calculation to obtain: 
LIea = T e-jCYT(e(y__W, - e,+,m) 
L e = (02 e-ju7(ea_ 
2a 
8 2~ln 
~ 2e, + ea+2wm) 
L e _ (cur)3 e-ju.:(eol_ 
301 
48 
3w, - 3kmm 
+ 3eU++ ~ ~k+3~~) 
L e = (t!Tf e-ja7(ea_4w 
401 
384 
I)) - 4ea-2w, 
+ Se, - 4ea+2w m -1. ea+aw,) 
etc. 
(13) 
(14) 
(15) 
(16) 
It is worthwhile noting that there is another way to 
obtain the formulae (13)-( 16). which, although much less 
elementary, is interesting because it exhibits a certain 
relationsmp with the ‘projection’ method of Sexton et aZ.’ 
First one writes down the Fourier expansion: 
n=--m 
using formula 9.1.22 in reference 7 for the Bessel functions 
J,. This leads to : 
,ja(r-r-Tsin wmr) _ ,jar 
= (e-i017Jo(~T) - 1) ej”lr t e-jar 5 J,(aT) 
n=1 
x (e 
i@+nwmt) f (- 1)” ej(a--nw,t)) 
since J_ .(olT) = (- 1)” J,(olT). The formulae (13)-( 16) are 
then obtained using the series expansion: 
which can be found in reference 7 (9.1.10).; 
(n > 0) 
A perturbation calculus 
Observing that the parameter E = T/T, introduced in the 
previous section, is small (typically between 0.1 and 0.2) we 
consider the system (12) as a perturbation of the eigenvalue 
problem (7) and we construct an approximate solution of 
(12) using the well known techniques of perturbation 
calculus, e.g. reference 8. 
Specifically, we assume that, for every real (Y, there 
exists an eigenvector E(cx, E) of (12), with corresponding 
eigenvalue x(01, E) such that &(a, 0) = ecu and &(o, 0) = X,. 
Moreover, we suppose that both &(a, E) and xo, e) admit of 
a series expansion in E: 
g(a, E) = e, + eel(o) t e2e2(c.u) + e3e3((u) + e4e4(ol) t . . 
(17) 
X(a, E) = x, + eZh2(cW) + E4X4(ol) + . . . (18) 
where the ek(o) are trigonometric polynomials and the 
hak(o) are complex numbers. Notice that ~(cu, E) is an even 
function of e because K,(T) is an even function of T, as 
shown earlier in the paper. 
Substituting (17) and (18 j in (12) (with x = E(ol, E)) and 
equating the coefficients of the corresponding powers of E, 
we obtain the following system of equations: 
ML,e, = h,e,, which is satisfied by definition, 
ML,e,(cc) +MLle, = X,el(a) (19) 
AfLoe, +MLlel(a) +ML2e, = X,e,(a) + X,(cr)e, 
ML,e,(a) tMLle2(a) +ML,e,(a) tML3ea (20) 
= bed&) t X2(a) cl(a) (21) 
ML,e,(cu) tML,e,(a) tML2e2(a) +ML3el(cy) +ML4e, 
= be,(a) t b(a) e2(&) + X4(&) ea (22) 
etc. 
It will be shown in the next section that these equations 
allow us to determine successively AZ(o), X,((Y), etc., and 
that ek((Y) can also be computed, at least up to an un- 
important ambiguity; moreover they turn out to be trigono- 
metric polynomials as required. But let us first indicate how 
the results of these computation can be used. By breaking 
off the series (IS) after n + 1 terms, for all real (Y we obtain 
a (complex) approximate eigenvalue :
x 27X x, + 2h2(cl) + E4h4(cf) + . . + P&&-x) (23) 
for equation (8) (or (12)) valid for suitably small values of 
E (or T), according to the size of n. We are interested in the 
largest possible real value of x in (8) which we denote by 
h,(T) = l/K,(T) to stress its dependence on T. When T is 
small, this value is likely to occur for 01 in (23) near to 01~ 
(recall that oo/2n is the frequency of chatter at constant 
speed), hence also near to oo. Consequently we have to 
solve the equation: 
Im( h, t eZX2(a) t e4h4(ol) + . . . + ~~~h~,(a)) = 0 (24) 
in the unknown real variable E, for values of o1 close to (Ye. 
Let then er be such a solution. According to the previous 
reasoning, the corresponding value of (23) is a reasonable 
estimate of the largest possible real value of x in (8) for 
T, = E,T, so we put: 
X,(T,) = X, t E:X~(OI) + ~;lh4@) + . . . + f:nh2&) 
(25) 
provided this expression is positive. For every value of 01, 
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we obtain in this way one or several points of the graph of 
(T, K,(T)/K,). An example is given in Figure 3, which 
will be discussed later in the paper. 
Explicit formulae 
Here we give an explicit solution for equations (19)-(22). 
Throughout this section (Y has a fixed value and for typo- 
graphical reasons we introduce new notations ML,, =A, 
ML, = B, ML, = C, ~~(a) = v, ~(a) = w, e3(cy) = z, X,(a) = P 
and X,((Y) = v. It is clear from the equations (13)-(16) that 
all the ek(o) must be linear combinations of the pure 
vibrations e,, eaiwm, eO+awm, etc. So it is useful to 
define (fork = 0, f 1, ?2, . . .): 
uk = &+k‘d,,j (in particular ue = e,) 
m(k) = (w; - (o + kw,)2 + 2i{we(a + k&J,))-’ 
h(k) = h&+kwm = (e-j(LY+kWm)7 - 1) m(k) 
(in particular X(0) = X,) 
With this new notation, equation (19) then takes the form: 
Av + Bu,, = X(0) v (26) 
We want to compute V, which, as noticed earlier, is a linear 
combination of the uk. Upon substituting 0 = &(k) uk in 
(26) we fmd : 
Co(k) h(k)#k t; e-‘“‘(m(-l)u_1 -m(l)u’) 
= h(0) &z(k) uk (27) 
Here we used the definition of A and B as given by (9), 
(10) and (13). Equating the coefficients of the uk in the 
two sides of (27), we conclude that: 
a(k) = 0 for k#O,?l 
a(-1) = 
m(- 1) e--jol’ 017 
X(O)-+1)-F 
a(l)= - 
m( 1) e-ja7 (~7 
h(0) -X(l) 2 
The value of a(0) is arbitrary (this phenomenon always 
occurs in perturbation calculus, cf. reference 8, and can be 
traced back to the fact that an eigenvector of a linear 
operator belonging to a particular eigenvalue is only deter- 
mined up to a scalar factor). The most convenient choice 
for us is e(0) = 0. 
Next we turn our attention to equation (20), rewritten 
as: 
Aw+Bv+Cu,,=A(0)w+po (28) 
As before we have w = Cb(k) uk; in view of the definition 
of C as given by (9) and (14), a substitution yields: 
Cb(k) h(k) uk t a(- 1) m(-2) e-j(“l-wm)’ 
(a--m)T 
X 
2 
U-2 +m(0) 
[ 
(a-o,)7 
X -a(_ 1) ,-i(a- wd7 
2 
+ a(1) e- j@+w,) 7 
(~+%rz)r 
2 I 
UO 
+l> 42) e-j(or+wm)T (a + mm) 7
2 
u2 
[m(-2)u_~+2m(O)u,~m(2)u2~ 
= h(0) Cb(k) uk + ,ei&, 
Equating the coefficients of u. in the two members, we 
obtain the following expression for the second-order term 
in the power series expansion (18) of x(cw, E) in the variable 
e: 
p = m(0) e-jar a(1) 
[ 
(a+(JJm)T e-jwmr 2 
_a(_ 1) (o - Urn) r ejwmr ((yT)2 
2 4 I 
Considering the coefficients of uk for k # 0 yields: 
b(k) = 0 for k f 0, +2 
b(- 2) = 
m(- 2) e-jar 
X(0) -X(-2) 
x 1) (a - 4 T ejwmr + (02 
2 8 1 
(29) 
(Q+wm)T 
X -41) e- jwmr + (0(7)2 
2 8 1 
Hence w is determined up to its uo-component, and again 
we choose b(0) = 0. 
Treating equations (21) and (22) in the same way (now 
using (15) and (16)) we are able to compute the fourth 
order term : 
v = m(0) e--jol’ c( 1) 
(Q! + %z) r e-_jumr 
2 
_ c(_ 1) (o - Urn) r ejwm7 
2 
+ b(2) (& + 2wm)2T2 ,-2jwmr 
8 
+ b(_2) (o ~ 2wm)2 ” ezjWm7 
8 
-41) 
(a + LIJ,)~ T3 
e-jWmT 
16 
t a(_ 1) (o - wm)3 T3 ,jwmT + (Ly 
16 64 I 
The numbers c( 1) and c(- 1) appear in the expansion 
z = Cc(k) uk and are given by: 
c(1) = 
m(l)e-j”’ 
VO) - h(l) [ 
b(2) 
(Ci+kJ,)T _ e a/WmT 
2 
-41) 
(Ci+Cdm)2T2 
e-_jWmr 
4 
+ a(~ 1 > (a - urnI T2 ejwmT + ((y7)3 
8 16 1 
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41) p 
-X(0)-h(l) 
c(- 1) = 
m(- 1) e--jar 
h(0) - h(- 1) 
X 
[ 
_b(_2)(a-20m)7 e2jwmT 
2 
+a(11 
(cl + WJ ? 
e- jwm7 (aT)3 
8 16 I 
a(- 0 P 
Y(O)-h(-1) 
It should be clear by now how higher-order terms can be 
computed but also that the computations get very involved. 
Numerical results and comparison with experiment 
The experiments reported in the sequel were performed on 
a SENNA lathe (15 kW) provided with a special toolholder 
so as to come as close to the theoretical one-degree-of-free- 
dom assumption as possible. Its characteristics were 
w0/27r = 189 Hz and c = 0.04. Further comments, where 
the computer programs used to obtain the numerical 
results are described in full detail as well, are given by van 
Bogaert .’ 
Spectral analysis of chatter under variable spindle speed 
From the reasoning given earlier in the paper it follows 
that the chatter vibration under varying spindle speed is a 
linear combination of pure vibrations with frequencies 
o1/2n, cx f w,/2n, (Y + 2w,,/2n, etc. where the ‘central’ 
frequency a/2n is near to the corresponding frequency 
(wJ277 of chatter under constant speed, and w,/2n is the 
frequency of the speed modulation. 
An unexpected and striking experimental verification of 
this fact could be obtained by Fourier-analysing the chatter 
under a priori constant speed. Although in principle only 
A . 
Figure 7 Fourier analysis of chatter vibration for constant lag case. 
Sidebands are due to periodic fluctuations in rotational speed. 
Average spindle speed, 285 rpm; w,,, =,4.?5 X 2~ rad/s 
r 
327 168.3 173 1 1779 II 
f, HZ 
187 5 
Figure 2 Fourier analysis of chatter vibration under speed modula- 
tion. Complexity of spectrum is due to interference of two speed 
fluctuations. Average spindle speed, 290 rpm; w,,,I = 0.4 X 2n rad/s; 
urn2 = 4.8 X 2n radls 
one frequency should occur, the result (Figure I) shows 
several frequencies, organized around a central frequency 
of 209.5 Hz in an equidistant way. The distance between 
successive peaks equals 4.75 Hz, which corresponds exactly 
to the spindle speed of 285 rpm used for the experiment. 
Hence the frequency pattern in Figure 1 can be understood 
by referring to the slight speed modulation caused by the 
imbalance of the workpiece itself (the amplitude of the 
modulation was estimated 0.5 rpm). 
It is not surprising, then, that the spectrum under 
(externally imposed) speed modulation (Figure 2) turns out 
to be more complicated than expected on theoretical 
grounds, since it arises from a superposition of two modula- 
tions. Still, the fine structure shows evenly spaced frequen- 
cies approximately 0.4 Hz apart in accordance with the 
speed modulation frequency. The seemingly dominant 
frequencies at distance of 2.4 Hz must be the result of 
interference with the ‘intrinsic modulation’ of 4.8 Hz 
corresponding to the average spindle speed of 290 rpm. 
Influence of the amplitude of the modulation 
It is clear that the theory developed in the previous 
sections is especially useful to study the behaviour of the 
critical depth of cut (or, equivalently K,(T)/K,) as a 
function of the amplitude T of the time-lag modulation 
using the procedure outlined at the end of the previous 
section. A graph for a particular case is depicted in Figure 3; 
the amplitude of speed modulation v,,, is used as a variable 
rather than T to render the comparison with practice easier. 
The results of both second-order approximation (using only 
/_L, (29)) and fourth-order approximation (taking V, (30), 
into account as well) are shown. Although even fourth-order 
approximation ceases to be meaningful for relatively small 
modulation amplitudes, it nevertheless uggests that 
modulation with an amplitude of 20 rpm (vs. a mean speed 
of 290 rpm) already allows for a 50% improvement of 
cutting depth. 
These results are in reasonable agreement, for small 
variation amplitudes, with those obtained experimentally in 
the study,g part of which are summarized in Figure 4. For 
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1.61 
Fourth -order 
approxImat10n 
2 13 
\ 
t 
Unstable reqon 
2 
Second - order 
approxlmatlon 
2’0 
V “or , mm 
Figure 3 Theoretical behaviour of critical depth of cut in function 
of speed modulation amplitude Y ,,ar for second and fourth-order 
approximation. Average spindle speed, 290 rpm; mm = 0.5 X 2n rad/s: 
f,= 189 Hz;f=0.04 
4 
3 
r” 
\ 
k! 
Unstable region Stable region 
2- 
02 I 1 
25 50 
V var rpm 
Figure 4 Experimental results showing increase of critical depth of 
cut with increasing speed modulation amplitude ~,,a~. Average 
spindle speed, 290 rpm; w, = 0.5 X 27~ rad/s; to), stable operation 
point; (*), unstable operation point 
the methodology used to collect these data, particularly for 
the defmition of stability, see van Bogaert.’ 
In order to check numerically a larger portion of the 
curve in Figure 4 (for greater values of T) it would be 
necessary to use sixth- or eighth-order approximation in the 
above perturbation calculus. 
In general the convergence of the perturbation series 
(18) was observed to depend on the values of the parameters 
w0 and { : it improves with increasing { and decreasing wO. 
Stability diagram 
Using the techniques of perturbation calculus, we con- 
structed a non-periodic approximate solution to equation 
(1) describing cutting under modulated spindle speed, thus 
removing the nonphysical assumption that the chatter vibra- 
tion under these circumstances be approximately periodic, 
which was essential in earlier work.4Y5 A clear insight in the 
structure of chatter has been obtained and it has been 
shown in detail to what extent increasing the amplitude of 
the speed fluctuation improves the stability. For small 
amplitudes the computed values are very close to the 
observed ones. 
For comparison with Sexton’s results,’ we computed the Our study of stability based on a fourth-order perturba- 
stability diagram for the values 4277 = 50 Hz, [ = 0.05, tion series in terms of the amplitude of the speed variation 
>_ 
I- 
i 1 I 
01 02 
w/w, 
Figure 5 Stability diagram and relative efficiency Km/Kc computed 
for same characteristics as Sexton er al.’ w. = 50 X 277 rad/s; r = 0.05; 
w,,,; 0.5 X 2n rad/s; T/r = 0.1 
~4277 = 0.5 Hz, and for a speed variation of 10% of the 
average spindle speed (Figure 5; the relative efficiency 
K,/K, is also given). With these characteristics, the fourth 
order approximation was found to give meaningful results 
for T/r up to 0.1, in favourable contrast with situation 
described in Figure 3. 
Not surprisingly, the results are qualitatively close to 
Sexton’s: they show an overall increase in stability, which 
is more important for lower values of w = 2n/r (actually 
for other characteristics occasional decreases in stability 
were exhibited for some larger values of w). A direct 
quantitiative comparison with Sexton’s numerical figures 
(Figure 4 is reference 5) is not strictly possible because they 
use T/T = 0.2 which is definitely beyond the limit of 
validity of our approximation for the given values of w. 
and t. Still, our estimates (for T/r = 0.1) of the increase in 
stability are higher than Sexton’s for T/r = 0.2. 
Since K,/K, can be expected to increase with T/r, this 
difference is significant. 
Conclusion 
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is in essential qualitative agreement with Sexton et al.,’ but References 
it suggests a more substantial possible increase in stability, 
in better accordance with the experiments. Thus the analysis 
1 
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